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Mechanical propertiesThe elastic properties of a carbon nanotube (CNT) reinforced composite are affected by many factors such
as the CNT–matrix interphase. As such, mechanical analysis without sufﬁcient consideration of these fac-
tors can give rise to incorrect predictions. Using single-walled carbon nanotube (SWCNT) reinforced Poly-
vinylchloride (PVC) as an example, this paper presents a new technique to characterize interphase
regions. The representative volume element (RVE) of the SWCNT–PVC system is modeled as an assem-
blage of three phases, the equivalent solid ﬁber (ESF) mimicking the SWCNT under the van der Waals
(vdW) forces, the dense interphase PVC of appropriate thickness and density, and the bulk PVC matrix.
Two methods are proposed to extract the elastic properties of the ESF from the atomistic RVE and the
CNT-cluster. Using atomistic simulations, the thickness and the average density of interphase matrix
are determined and the elastic properties of amorphous interphase matrix are characterized as a function
of density. The method is examined in a continuum-based three-phase model developed with the aid of
molecular mechanics (MM) and the ﬁnite element (FE) method. The predictions of the continuum-based
model show a good agreement with the atomistic results veriﬁes that the interphase properties of amor-
phous matrix in CNT-composites could be approximated as a function of density. The results show that
ignoring either the vdW interaction region or the interphase matrix layer can bring about misleading
results, and that the effect of internal walls of multi-walled carbon nanotubes (MWCNTs) on the density
and thickness of the dense interphase is negligible.
Crown Copyright  2014 Published by Elsevier Ltd. All rights reserved1. Introduction
Owing to their superior mechanical properties, many nano-
materials, such as nano-ﬁbres, carbon nanotubes, graphene and
nano-particles, have been used as the reinforcement in a wide
range of nano-composites. It has been reported that only a small
weight percentage of these nano-additives can lead to a signiﬁcant
improvement in the mechanical properties (Coleman et al., 2006;
Gojny et al., 2005; Zhang et al., 2006). Among these nano-materi-
als, CNTs have been most studied due to their high strength (larger
than steel), small density (lighter than aluminium), and high con-
ductivity (greater than copper) (Moniruzzaman and Winey, 2006).
It has been found that the overall mechanical properties of CNT-
composites are affected by many factors such as CNT waviness
(Fisher et al., 2003), dispersion (Xiao and Zhang, 2005), functional-
ization (Mylvaganam and Zhang, 2004), van der Waals (vdW)
interaction (Tan et al., 2007) and CNT–matrix interphase (Paliwal
and Cherkaoui, 2012). The conclusions in the published literature,nevertheless, are very diverse (Coleman et al., 2006; Rahmat and
Hubert, 2011), which in turn have attracted more extensive
research efforts. To clarify these issues, experimental means, such
as the examination and analysis by transmission electron micros-
copy (Zarudi and Zhang, 2006) and macroscopic mechanical testing
(Xiao et al., 2007) have been frequently used. However, the
experimental methods can only evaluate the performance of a
CNT-composite after its fabrication, rather than to reveal the
mechanisms of reinforcement or provide a way to optimize the
mechanical properties.
To overcome these difﬁculties, over the past decades, various
theoretical methods aiming to understand the dynamic process
of CNT–matrix interactions and to predict the mechanical proper-
ties of CNT-composites have been developed (Hu et al., 2010;
Rahmat and Hubert, 2011; Wernik and Meguid, 2010). Most of
them, however, are based on the concept of a nano-scaled RVE con-
taining the matrix and the reinforcement to be used in multi-scale
micromechanics or FE treatments. For example, the CNT-composite
RVE has been analyzed with the continuum micromechanics (Gao
and Li, 2005), the FE method (Joshi et al., 2012), the atomistic sim-
ulations (Grujicic et al., 2007; Odegard et al., 2003; Yang et al.,
1782 S. Herasati et al. / International Journal of Solids and Structures 51 (2014) 1781–17912012; Zhu et al., 2007) or the semi-continuum FE approach
(Giannopoulos et al., 2010; Shokrieh and Raﬁee, 2010). The contro-
versial issues associated with the continuum and semi-continuum
methods are the determination of the properties and the geome-
tries of the nano-inclusions and the interphase regions, and as a
result, these properties and geometries cannot be properly ac-
counted by the micromechanics or the FE treatments. For example,
a semi-continuum FE approach treats the vdW interaction as
spring elements to connect a continuum matrix to the CNT atoms
and constructs the CNT interatomic bonds as beam elements. This
approach is convenient as it can integrate all simulations in a single
ﬁnite element code commercially available and is appropriate to
study regular structures such as MWCNTs (Hu et al., 2007). How-
ever, the spring element simply connects the internal surface of
matrix, without taking into account the fact that the vdW interac-
tion is non-local and that each atom of CNT interacts with several
atoms of the matrix and the CNT within the cutting radius. More-
over, compared to the atomistic methods this kind of treatment is
unable to predict the equilibrated location of atoms of amorphous
matrix adjacent to the CNT. As a CNT is a discrete structure with
atomistic interactions, MD and MM are more sensible than a con-
tinuum mechanics treatment using beam elements. For example,
the beam element treatment cannot handle all the details of an ad-
vanced force ﬁeld such as COMPASS.
Atomistic methods have been frequently used to explore the
detailed reinforcing mechanisms of CNT-composites, such as the
effects of CNT–matrix interphase (Odegard et al., 2003), the bond-
ing and functionalization (Frankland et al., 2002; Mylvaganam
et al., 2007), and the stress–strain properties of nano-scale molec-
ular mechanisms (Griebel and Hamaekers, 2004; Zhu et al., 2007).
Compared to the FE method, atomistic simulations can character-
ize the physical parameters of a nano-composite RVE. However,
due to the high computational cost, an atomistic method is con-
ﬁned to a small model size of a few nanometers in dimension
and a time scale of a few nano-seconds. As a result, it is more
appropriate to use an atomistic model to characterize the nano-
inclusions and interphase regions of a RVE, which need less com-
putational cost, but essential to apply an FE model for the analysis
across a greater length scale. Such a multi-scale modeling tech-
nique, however, has not been well established. Furthermore, most
nano-composite RVE models available treat a CNT in a nano-com-
posite as an isolated volume. For example, (Shokrieh and Raﬁee,
2010) proposed an equivalent solid ﬁber (ESF) model, of which a
CNT and the equilibrium distance between CNT wall and inner sur-
face of the matrix denoted as ‘‘vdW gap’’ interphase were consid-
ered to be a solid cylinder.
In some works the vdW gap interphase assumed as the only
interphase region (Hu et al., 2005; Shokrieh and Raﬁee, 2010; Tsai
et al., 2010) with certain thickness and mechanical properties.
However, considering that the interphase matrix has a signiﬁcant
effect on the mechanical properties of nano-composite (Odegard
et al., 2005; Wang et al., 2011), these models are insufﬁcient to re-
solve all the details.
Extensive work has been done on the multi-phase modeling to
investigate the impact of a pre-determined interphase on the
mechanical properties of nano-composites (Raﬁee et al., 2013;
Salviato et al., 2013), although interphase cannot be predeter-
mined. On the other hand, very little is available on the character-
ization of the elastic properties of the interphase layer. Using a
micromechanical approach, Saber-Samandari and Afaghi-Khatibi
(2006), Boutaleb et al. (2009) and Paliwal and Cherkaoui (2012)
developed relations for elastic properties of the interphase, which
needs atomistic simulations or experimental tests to determine
their key parameters. Alternatively, combined methods of
atomistic/molecular simulation and micromechanics were pro-
posed (Odegard et al., 2005; Yang et al., 2012; Yu et al., 2009) tocharacterize the ‘‘effective interface’’. The micromechanics part in
this way, however, has a limited capacity and accuracy. Because
of these, some researchers have proposed to characterize the inter-
phase directly from atomistic/molecular simulations. For example,
Papakonstantopoulos et al. (2005) used stress ﬂuctuation in the
Monte Carlo simulation. Frankland and Gates (2007) used conﬁgu-
ration energy in molecular dynamics simulation to calculate the
local elastic properties of matrix involving the interphase, as a
function of the radial distance from a CNT. Most of the works above
revealed that the density of the interphase matrix of the polymer
CNT-composites is bigger than the density of the bulk matrix.
The purpose of the present work is developing a new method to
characterize different regions of an RVE. The fundamental issue
that will be clariﬁed in this study is the reliable characterization
of the ESF and the interphase region and the independent determi-
nation of the interphase properties of the RVE. The method devel-
oped will be examined with a three-phase RVE continuum FE
model to account the ESF, the interphase and the matrix.2. Atomistic simulations
Both the MD and MM methods were used to extract the
mechanical properties of the atomic system. MD was used for
initial model equilibration. Mechanical properties were then
extracted with the aid of MM. The atomistic simulation in this pa-
per was conducted using the commercial package, Material Studio
Forcite modules. The COMPASS force ﬁeld, an optimized molecular
potential, was used to model the atomic interactions. It was origi-
nally developed and parameterized by Sun (1998) using ab initio
simulations and a wide range of experimental observations and
is one of the most suitable force ﬁelds for investigating organic
molecules, inorganic small molecules and polymers, and polymeric
composites (e.g., Grujicic et al., 2007; Hu et al., 2007; Kuang and
He, 2009; Li et al., 2011; Wang et al., 2007; Yu et al., 2009).2.1. Modeling
A composite of polyvinyl chloride (PVC) reinforced by SWCNTs
is considered. Our atomistic RVE model contains a SWCNT at its
centre surrounded by PVC molecules. The SWCNT and PVC were
ﬁrst simulated separately to obtain their individual properties
and to verify the COMPASS force ﬁeld and the simulation approach
we adopted. The composite consisting of an armchair SWCNT of
different diameters were then investigated. To avoid the effect of
free surfaces, the periodic boundary conditions (PBCs) were en-
forced. To be more speciﬁc, the three schemes of atomistic simula-
tion are detailed as follows.
Scheme 1. A (10,10) armchair SWCNT (Fig. 1a) was generated
using the material studio visualizer. The three generic carbon
bonds (C3) were assigned to each carbon atom, which is used by
the COMPASS force ﬁeld. The SWCNT is inﬁnite long and aligned
with the Z axis. PBCs are enforced along all the three directions.
Therefore we actually simulated a two-dimensional array of
SWCNTs of inﬁnite length. To avoid side effect from the neighbor-
ing CNTs, the lateral size of the cell was much greater than the vdW
cutting radius. The initial dimensions of the simulation cell were
100  100  24.6 Å. A uniaxial strain was applied along the
z-direction and the elastic constants were calculated and compared
with the existing results in literature.
Scheme 2. A cube of amorphous PVC with the chemical formula
of (CH2 = CHCl)n, where n is the degree of polymerization, was
used as a reference. The cell contains a long chain of PVC with
n = 400 (Fig. 1b). To generate random-walk polymer chains, the
Accelyrs Amorphous Cell package which is based on the method
proposed by Theodorou and Suter (1985) and Meirovitch (1983),
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sity of 0.2 g cm3 and then densiﬁed and cooled down in a step-
wise manner with the aid of MD simulation. The cell dimensions
were reduced by 2% for every 50 ps relaxation at 650 K, until the
density reached that of the bulk PVC at room temperature. The
atomic system was then equilibrated for 1 ns at the temperature
of 650 K and the pressure of 1 Atm (i.e., under the NPT ensemble).
Finally, the atomic system was cooled down to room temperature
with a step of 50 K for every 0.5 ns relaxation under the same NPT
ensemble. The cell dimensions were averaged for the ﬁnal one
nanosecond of equilibrium process in the room temperature and
then equilibrated one more nanosecond under NVT ensemble. In
the MD simulation, the time step was 1 fs and the Brendsen algo-
rithm (Berendsen et al., 1984) was employed to keep the temper-
ature constant with a decay constant of 0.005 ps which is the
minimum quantity before any dynamic instability in the atomistic
system. The Parrinello and Rahman (1981) algorithm was used to
control the cell pressure. This method is able to change the cell
dimensions and angles independently to keep a homogeneous
internal stress. The cell time constant was set to 0.5 ps which give
a balance ﬂuctuation of pressure and dynamic stability.
Scheme 3. The composite with the SWCNT surrounded by a PVC
chain, as shown in Fig. 1c, is established. The diameter of the
SWCNT was changed from 6.76 Å of the SWCNT (5,5) to 26.18 Å
of the SWCNT (20,20), which is a typical range for SWCNTs. A sys-
tematic result can thus be obtained to verify our theoretical model.
Since the aspect ratio of a typical SWCNT is usually around 1000 or
more , it is reasonable to assume that the SWCNT is inﬁnitely long
and can be represented by the PBCs in the Z direction. It is there-
fore rational to assume that the longitudinal strains in both the
SWCNT and the PVC are the same. The PVC in the current compos-
ite is a random-walk chain with n = 400, equilibrated using the
same process described for Scheme 2.
Scheme 4. To study the effect of internal walls of a MWCNT on
the interphase, an armchair CNT (5,5)–(40,40) of eight walls was
embedded in a PVC matrix of four random-walk chain molecules
with n = 400, as shown in Fig. 1d, following the same method ex-
plained in Scheme 3.
2.2. Stress analysis
The generalized Hook’s law for the stress–strain relation can be
written as
rlm ¼ Clmnkenk ð1Þ
where Clmnk is the modulus tensor and rlm, enk are the stress and
strain tensors, respectively. Since both the stress and strain tensors
are symmetric, the Voigt notation (i.e., 1 = xx, 2 = yy, 3 = zz, 4 = xz,
5 = yz, 6 = xy) is convenient, which gives rise to
ri ¼ Cijej; i; j ¼ 1 : 6 ð2Þ
where Cij are the stiffness matrix components. In this study the
static method based on the work of Theodorou and Suter was
implemented. They proved that, for glassy atactic polypropylene,
the contribution of atomic conﬁguration changes and vibrational
part of Helmholtz free energy is negligible. With these conditions,
the changes of the free energy can be replaced by minimum poten-
tial energy changes in small deformation as
Cij ¼ 1V
@A
@eij

T
¼ 1
V
@2Upotmin
@e2ij

T
ð3Þ
in which A is the free Helmholtz energy and Upotmin is the global min-
imum point of total potential energy. This relation is valid only for
very small deformation; otherwise, contribution of system conﬁgu-
ration changes should not be ignored. To avoid numerical errors ofthe second order derivation of Eq. (3), it is preferred to use the ﬁrst
order derivative of Eq. (2). To evaluate the stiffness matrix by using
Eq. (2), a prescribed small stain is applied to the cell and the total po-
tential energy based on the MM relations was minimized. With the
above discussion, the average lm component of stress is then calcu-
lated using the static part of the Virial equation (Tsai, 1979), i.e.,
rlm ¼ 1
V
X
a
X
b
Fabl  rabm ð4Þ
where V is the total volume of the RVE, and Fabl and r
ab
m are respec-
tively the interatomic force and distance between atoms a and b. In
the MM analysis, only one component of the strains was applied
while the others were set to zero. The strain of 0.2% was applied
stepwise with an increment of 0.02%, during which the potential
energy of the system was minimized. The stresses were then calcu-
lated using Eq. (4). It should be noted that compared with an MD
simulation, in an energy minimization process, MM gives much less
mobility to amorphous polymer chains to move towards their equi-
librium position of a global minimum energy. However, the local
residual stresses are relaxed after applying a small tensile strain.
As a result, the ﬁrst loading gives a non-linear stress–strain curve.
Thus in this study, multiple loading and unloading cycles were ap-
plied to ensure to obtain a linear relationship between the stress
and strain, and the linearity was obtained from the second cycle.
A sample stress–strain curve for the PVC system is shown in
Fig. 2, which exhibits a linear elastic behavior in the second cycle.
For the stress analysis of SWCNT (Scheme 1), a uniaxial tensile
test in the Z direction was performed. For the SWCNT(10,10), the
longitudinal Young’s modulus is 0.98 TPa if the CNT wall thickness
was set 3.4 Å, which is consistent with the experimental (Yao and
Lordi, 1998; Yu et al., 2000) and theoretical results (Li and Chou,
2003; Lu, 1997). It should be noted that Wang and Zhang (2008)
thoroughly studied the different choices of the CNT thickness in lit-
eratures (see e.g., Huang et al., 2006; Vodenitcharova and Zhang,
2003; Wang and Zhang, 2008) and concluded that the most appro-
priate one is 6.17 Å (Vodenitcharova and Zhang, 2003). However,
for the sake of comparison with relevant works, the CNT wall thick-
ness was set 3.4 Å herein. The Poisson’s ratio obtained is 0.28
which is the same as that obtained by Lu (1997) from Empirical
potentials and is close to the result from Tight-Binding (TB) meth-
ods (Hernández et al., 1998).
For the equilibrated pure PVC, the ﬁnal density is 1.42 g cm3,
within the range of the literature PVC density of 1.3–1.45 g cm3
(Titow, 1984). The isotropic Young’s moduli thus obtained are
Exx = 3.58 GPa, Eyy = 3.54 GPa and Ezz = 3.62 GPa, which indicates
the isotropy owing to the randomly distributed polymer chains.
The average Young’s modulus and Poisson’s ratio are therefore
3.55 GPa and 0.34, respectively, well agreeing with the available
experimental results (Dyment and Ziebland, 1958). The above re-
sults indicate that the COMPASS force ﬁeld and the MM simula-
tions with the relaxed atomic models can render good results for
isolated PVC and CNT and thus can be used for analyzing the
PVC–SWCNT composite.
The resulted stiffness matrix of the composite exhibits an aniso-
tropic behavior, which is expected because of the engagement of the
SWCNT. The stiffness matrix C, for composite with SWCNT (5,5) is
C ¼
6:564 3:248 3:501 0:164 0:116 0:174
3:248 6:333 3:626 0:040 0:127 0:050
3:501 3:626 60:462 0:133 0:189 0:135
0:164 0:040 0:133 1:588 0:202 0:039
0:116 0:127 0:189 0:202 1:575 0:100
0:174 0:050 0:135 0:039 0:100 1:605
0
BBBBBBBB@
1
CCCCCCCCA
ðGPaÞ
ð5Þ
X 
Y 
Z 
X 
Y 
Z 
(a) (b) 
(c) (d) 
Fig. 1. Four distinct molecular schemes. (a) Scheme 1: a single SWCNT, (b) Scheme 2: the pure amorphous PVC, (c) Scheme 3: the SWCNT–PVC composite, and (d) Scheme 4:
the MWCNT–PVC composite, where the dark gray balls represent carbon atoms, the green ones indicate chlorine atoms, and the white ones stand for hydrogen atoms.
-5
0
5
-0.1 -0.05 0 0.05 0.1
Cycle 1
Cycle 2
Fig. 2. Sample stress–strain relation of pure PVC (Scheme 2) in two cycles.
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approximately orthotropic and can be simpliﬁed as:
C ¼
6:564 3:248 3:501 0 0 0
3:248 6:333 3:626 0 0 0
3:501 3:626 60:462 0 0 0
0 0 0 1:588 0 0
0 0 0 0 1:575 0
0 0 0 0 0 1:605
0
BBBBBBBB@
1
CCCCCCCCA
ðGPaÞ
ð6Þ
The elastic constants for the above anisotropic and orthotropic
stiffness matrices are summarized in Table 1, which shows that
the error induced by the orthotropic assumption is less than
2.5%. It is also straight from Eq. (6) that the atomistic model istransversely isotropic since C11 ﬃ C22 and C66 ﬃ (C11–C12)/2. The re-
sults from different RVEs show transversely isotropic properties
and hence the number of elastic constants can be reduced to ﬁve.3. Development of three-phase RVE model
The existing theories of CNT-composite rely increasingly on the
detailed atomistic simulations, owing to the difﬁculty in character-
izing the nano-scale material behavior through experimentation.
For the SWCNT–PVC composite subjected to the present investiga-
tion, one can immediately identify the four regions, i.e., the
SWCNT, the vdW gap interphase, the transition PVC phase and
the PVCmatrix, which play the different roles. We consider the vol-
ume inside the PVC as a single phase, which contains the SWCNT
under the vdW forces. This volume will be treated as a solid ﬁber
in the continuum model and thus named the equivalent solid ﬁber
(ESF). Adjacent to the ESF, the PVC layer of certain thickness is
named the dense interphase. The outmost region is the PVC matrix
with the identical mechanical properties as characterized using
model of pure PVC (Scheme 2). With these considerations, the
three-phase model is summarized in Fig. 3. We then seek a way
to characterize them respectively.3.1. Phase 1 – ESF
A SWCNT surrounded by PVC may be different from the free-
standing one owing to the interaction between two materials.
However, in the existing theories, the mechanical properties of
the SWCNT in a composite were generally assumed to be identical
to the free-standing one. This conventional treatment induces the
difﬁculty in accounting the vdW interaction between CNT and
the matrix. Even though the weak interface can approximately be
dealt with by a low-stiffness layer (Yang et al., 2012) or non-linear
Table 1
Elastic constants of (5,5) SWCNT–PVC evaluated from Eqs. (5) and (6).
Matrix form Young’s modules (GPa) Shear modules (GPa) Poisson’s ratio
Exx Eyy Ezz Gyz Gzx Gxy mzy mzx mxy
Anisotropic 4.816 4.648 57.753 1.538 1.553 1.591 0.404 0.337 0.488
Orthotropic 4.852 4.665 57.836 1.575 1.588 1.605 0.401 0.335 0.487
% Error 0.77 0.34 0.14 2.41 2.25 0.88 1.06 0.56 0.20
Exx = Eyy Ezz Gyz = Gxz mzy = mzx mxy
Transversely Isotropic 4.732 57.753 1.545 0.371 0.488
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interaction, namely the interaction between CNT atoms and a thin
layer of the PVC atoms as schematically indicate in Fig. 4a, is very
difﬁcult to account by a continuum model as explained in the
introduction section of this paper. Both complexities can however
be circumvented if the ESF inside the composite is directly charac-
terized. The further gain is that the ESF and the surrounding media
can be assumed to be perfect bonded in a continuum model, since
the effect of weak interface between the SWCNT and the matrix
has been involved in the characterization of ESF.
To characterize the ESF, the same procedure as described in Sec-
tion 2.2 is carried out. However, six small strains should now be
applied on the boundaries of the ESF. To do so, a prescribed strain
ﬁeld is ﬁrst applied to every atom in the composite, as shown in
Fig. 4. The PVC chain is then kept ﬁxed while the SWCNT atoms
are allowed to rearrange themselves to minimize the total poten-
tial energy. This means that a constant strain is applied only on
the ESF boundary through the matrix. Otherwise the matrix atoms
will move during the energy minimization process and the strains
on the ESF boundaries will become different from the far-ﬁeld
strain. The resultant stress components of the SWCNT are calcu-
lated based on Eq. (4), in which V represents the volume of the
ESF not the entire RVE volume and the interatomic forces are con-
ﬁned to the interaction within the SWCNT atoms and the vdW
forces exerted by the matrix to the SWCNT atoms.
3.2. Phase 2 – dense interphase
There is not a clear boundary between the dense interphase re-
gion and the bulk matrix. However, the density change can be usedBulk m
Dense inte
ES
Fig. 3. The three-phase RVE model, phase 1 – ESF, phas a reasonable criterion to determine the thickness of this region
and was used before in some works (e.g., Odegard et al., 2005). That
is the dense interphase region ends when the density of the mate-
rial in this region reaches that of the bulk matrix. The local density
at different radius R is determined by dividing the atomic mass of a
cylindrical shell of thickness tc = 0.3 Å to the corresponding volume.
When such a density is scanned radially from the center outwards,
the inner boundary of the matrix of radius Ro (the radius of ESF) is
determined when the PVC density becomes non-zero, as indicated
in Fig. 5a. The thickness of the vdW gap thickness is then h = R0
 RCNT. Fig. 5b shows that the density of PVC varies with the radius
R from the inner boundary R0 to the boundary of the simulation box,
where the horizontal axis is Tm = R  R0 for shifting the curves re-
sulted from different SWCNTs to the same origin.
For SWCNTs of different diameters, the variations of the local
density are close as shown in Fig. 5b, The hump of the density var-
iation ends at around Tm = 1.5 Å. The density then ﬂuctuates and
reduces slowly until about Tm = 3 Å. Beyond this, the average den-
sity approaches the bulk PVC density of 1.42 g cm3. It can be seen
that for the MWCNT-composite the internal walls of the CNT does
not have a noticeable effect on the density variation. This result
indicates that thickness of the PVC interphase can be treated as a
constant for different CNTs. The density of the PVC has a profound
effect on its mechanical properties. We use the density as the only
parameter to determine the mechanical properties of this dense
PVC region. This interphase also renders the lower bound of the
dimension of the RVE for simulating a SWCNT–PVC composite. In
this study, close contact effect of CNTs on the interphase is not con-
sidered which means that the transverse dimensions of the RVE
should be larger than 2(R0 + 3) Å.atrix 
r-phase
F 
ase 2 – dense interphase, phase 3 – bulk matrix.
Fig. 4. Strain state on the SWCNT–PVC scheme, (a) tensile, and (b) pure shear strain.
1786 S. Herasati et al. / International Journal of Solids and Structures 51 (2014) 1781–17913.3. Phase 3 – bulk matrix
The bulkmatrix region is immediately after the dense interphase
(Fig. 5a) and has the same density and mechanical properties as the
pure PVC. The mechanical properties could be obtained from refer-
ences (e.g., Titow, 1984) or by atomistic simulations. In this work,
the atomistic results for pure PVC, as discussed in Section 2.2, were
used. The volume of Phase 3 is related to the RVE dimensions and
should be large enough for low concentration nano-composites.4. Results and discussion
4.1. The properties of ESF and a simpliﬁed CNT-cluster approach
The approach described in Section 3.1 leads to the mechanical
properties of ESF shown in Table 2. It is noted that the longitudinal
modulus Ezz is slightly smaller than that directly calculated fromFig. 5. (a) Concentric cylinders to explore the local density of the matrix, and (b) the vthe isolated SWCNT. For example, the isolated SWCNT (10,10) of
the assumed wall thickness 0.34 nm has the longitudinal modululs
0.98 TPa. It leads to the equivalent modulus of the ESF of radius
0.93 nm 515.04 GPa, larger than that listed in Table 2. This discrep-
ancy manifests the effect of the vdW forces on the embedded CNT
in the matrix.
The complete stiffness matrix of an ESF can be well quantiﬁed
by the approach described in Section 3.1. However, such approach
is computationally demanding owing to the large number of atoms
in the PVC chain. We resort to a simpliﬁed model as shown in Fig 6,
where the surrounding matrix is replaced by six CNT denoted as
‘‘CNT-cluster’’ and the number of atoms to be involved in compu-
tation can be minimized by using the periodic boundary condition.
Using CNT-cluster model the computation time for equilibration
and stress analysis can be reduced from several days to a few min-
utes. We then check whether such the CNT-cluster model can be
used to approximately determine the mechanical properties of
the ESF.ariation of the local density in the matrix with the radial thickness of the matrix.
Fig. 6. The CNT cluster model in a periodic cell involve some image atoms out of
cell.
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CNT cluster is initially generated in a periodic cell of sufﬁciently
large dimensions, under which SWCNTs are so far away that the
vdW attraction would be insufﬁcient to hold them together. An
external pressure of 100 MPa is applied to form the CNT cluster
numerically and the overall energy is then minimized to obtain
the most compact hexagonal conﬁguration (Fig. 6). The pressure
is then reduced to the atmospheric pressure stepwise associated
with the energy minimization in every step. The elastic constants
of the CNT cluster can be easily extracted using the procedure de-
scribed in Section 2.2. For stress analysis (Eq. (4)), the equivalent
volume of a SWCNT in the cluster is assumed to be the same as that
of an ESF. It should be noted that the vdW interaction is nonlinear,
giving rise to the non-linear behavior of the ESF under large strain.
However, under a small strain of 0.2%, the error of linearity, esti-
mated from the 9–6 Lennard–Jones vdW interaction, is less than 2%.
The SWCNT and the vdW gap interphase in the CNT cluster
model are akin to the ESF in composited. However, under the pres-
sure of 1 atm, the elastic constants are different from those calcu-
lated from the composite. This deﬁciency can be alleviated by
tuning the applied pressure until the equivalence is achieved.
Using the (5,5) SWCNT cluster as an example, the elastic constants
under different external pressures (P) are shown in Fig. 7, which
were normalized by the corresponding value of the ESF in the com-
posite. The results show that the normalized elastic constants from
the CNT cluster approach almost simultaneously to 1 when the ap-
plied pressure is about 1.5 GPa. We named this pressure the
equivalent pressure Pe and studied the other cases of different
SWCNTs to obtain the variation of Pe with the CNT radius. For
SWCNT (10,10) and SWCNT (15,15) clusters, the equivalent pres-
sure is 1000 and 700 MPa respectively. The results are shown
in Fig. 8 and closely ﬁtted by a polynomial:
Pe ¼ 9:9136R2CNT  255RCNT þ 2248:9ðMPaÞ ð7Þ
The predictability of Eq. (7) is examined in the case of SWCNT
(20,20). All the results are listed in Table 2. It is noted that the dis-
crepancy for the SWCNT (20,20) does not increase. Therefore, Eq.
(7) can be used for the typical range of the radius of SWCNT. The
negative pressure Pe implies the strong bond between CNTs in
the cluster, since they were deliberately pulled apart to achieve
the equivalent elastic modulus for the ESF in the composite.Table 2
Five elastic constants, (A) ESF with PVC–SWCNT composite, (B) ESF with CNT cluster sche
SWCNT Ro (Å) RCNT (Å) Elas
Exx,
(5,5) 6 3.38 A 12.6
B 11.5
Error% 8.7
C 24.6
Difference%* 95.1
(10,10) 9.3 6.58 A 11.2
B 10.7
Error% 3.9
C 16.4
Difference% 47.2
(15,15) 12.6 9.83 A 5.7
B 5.6
Error% 0.5
C 6.3
Difference% 10.8
(20,20) 15.6 13.09 A 3.1
B 3
Error% 4.1
C 1.6
Difference% 48.5
* Difference in percentile between A and C.For the sake of comparison, we also characterized the elastic
properties of free-standing SWCNT. The SWCNT is assumed as a so-
lid cylinder with the same volume as the ESF. Three numerical
experiments were carried out to extract ﬁve elastic constants: (i)
using the Scheme 1 (Fig. 1a), the longitudinal tensile test was per-
formed to extract the longitudinal young’s modulus (Ezz) and the
radial Poisson’s ratio (mr = mzx = mzy) as explained in the Section 2.2;
(ii) using the CNT cluster (Fig. 5), the uniaxial transversal tension–
compression test along either X or Y axis was performed to obtain
the transverse Young’s modulus Exx  Eyy and the Poisson’s ratio
mxy; and (iii) using the Scheme 1, the torsion test was performed
to obtain the shear modulus Gyz = Gxz (Tsai et al., 2010). To obtain
the transverse Young’s modulus, a transverse small strain (0.3%)
was applied on the periodic cell of the CNT cluster and the stress
of the central SWCNT was calculated using Eq. (4) after energy
minimization. It is noted that the transversely loads were actually
applied through vdW interactions and the true normal strains of
the SWCNT along the X and Y directions are different from the
strains applied to the cell boundary. Assuming an ellipsoid defor-
mation of the cross-section of the SWCNT, the radii of the SWCNTme, and (C) free-standing SWCNT as a solid cylinder.
tic modules (GPa) Poisson’s ratio
Eyy Ezz Gyz, Gxz mzy, mzx mxy
3 608.30 0.21 0.11 0.54
3 607.96 0.23 0.12 0.55
1 0.06 9.52 9.09 1.85
5 624.70 40.53 0.26 0.95
7 2.69 25880 225.0 126.19
502.66 0.35 0.18 0.71
6 501.05 0.44 0.2 0.76
3 0.32 25.7 11.11 7.04
9 515.04 96.38 0.28 0.98
3 2.46 30990 55.55 38.02
2 409.11 0.34 0.21 0.87
9 408.19 0.34 0.23 0.89
2 0.22 0 9.52 2.30
4 419.13 40.67 0.28 0.99
4 2.44 11862 40 13.79
3 355.46 0.36 0.22 0.95
354.49 0.33 0.24 0.94
5 0.27 8.33 9.09 1.05
1 389.45 36.37 0.28 0.99
6 9.56 7806.5 27.27 4.21
Fig. 8. Variation of the proper external pressures on CNT clusters with SWCNT
diameter.
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calculate the transverse strains. In the torsion test, one end of
SWCNT is ﬁxed and a shear strain of 0.2% was applied by rotating
the other end. After an energy minimization, the energy change
(DU) is used to calculate the shear modulus through
Gyz ¼ Gxz ¼ 2DUu2JSolid
L0 ð8Þ
where JSolid and / are the polar inertia of the equivalent solid cylin-
der and torsional angle respectively and L0 is the effective length of
SWCNT. The results are listed in the row C of Table 2. The free-
standing SWCNTs (5,5), (10,10) and (15,15) have greater transverse
Young’s modulus than the corresponding ESFs. However, for SWCNT
(20,20) the transverse Young’s modulus becomes smaller than that
of the counterpart ESF. It is noted that the magnitudes of longitudi-
nal Young’s moduli Ezz from the three different calculations are very
close to each other and that they all reduce with the increase of the
CNT radius. This is because the ESF is a solid ﬁber rather than a thin-
walled shell. Therefore, a larger CNT radius leads to a more empty
space and a smaller equivalent modulus. If the wall thickness t of
the CNT is assumed to be a constant, the Young’s modulus of the
ESF reduces proportionally with 2RCNTt
RCNTþhð Þ2
and approaches zero when
the CNT radius approaches inﬁnity. Due to the weak vdW interac-
tion, the shear modulus Gxz and Gyz of the ESFs are much smaller
than those of the free-standing SWCNTs. The radial Poisson’s ratios
of the ESF (mr = 0.11–0.22) are smaller than that of the free-standing
SWCNT (mr = 0.28). It is noted that the out-of-plane Poisson’s ratio
mxy of ESF is more than 0.5 and can even approach 1.0 for the SWCNT
of larger diameter. As pointed out by Popov et al. (2000), this is due
to the ﬂattening of the circular cross section of the CNT (Popov et al.,
2000) while it is stretched along a diameter.
4.2. The interphase
The vdW gap thickness (h), the density of the dense interphase
(qi) and the bulk PVC density (qo) of different RVEs are compared
in Table 3, showing that the average vdW gap thickness is 2.65 Å
for the CNT–PVC composites. This is bigger than that of 2.3 Å in
the case of a CNT–polyethylene composite (Li et al., 2011), but is
less than the graphite sheet distance of 3.4 Å which has been used
in some works (e.g., Shokrieh and Raﬁee, 2010). It can be seen that
the bulk density (qo) also varies with the SWCNT dimension,
although the variation is rather small. This is due to the small size
of a RVE. The variation will vanish if the RVE is large enough. The
results show that the thickness of the vdW gap and the densityFig. 7. The elastic constants of (5,5) CNT cluster normalized by those of ESF from
the (5,5) SWCNT–PVC scheme.of the dense interphase of the MWCNT–PVC composite is almost
the same as those of the SWCNT–PVC composites, indicating that
the internal walls of an MWCNT have a negligible contribution to
the formation of the dense interphase. Even though the interphase
atoms are within the range of cutting radius of the MWCNT inter-
nal walls, their effect on the interphase is weak due to their dis-
tance from the internal matrix surface.
To obtain the elastic properties of the dense interphase, we use
approximately the density as the only state variable and assume
that the mechanical properties of the interphase are isotropic.
The cell dimensions of the PVC model (Scheme 1) are reduced step-
wise and equilibrated by MD simulation for 0.1 ns at each step. The
mechanical properties of PVC at different densities are calculated
using the method described in Section 2.2. The variation of the
Young modulus and Poisson’s ratio of PVC with the density are
shown in Fig. 9a and b respectively. According to Table 3, the aver-
age density of the dense interphase region is 1.84 g cm3. Thus the
Young’s modulus and Poisson’s ratio obtained from Fig. 9 are
17 GPa and 0.4 respectively.
4.3. The comparison between the three-phase model and MM
simulation
The three-phase model established above can now be employed
for a continuummechanics analysis. We resort to FE analysis using
the FE three-phase model shown in Fig. 10a. To manifest the inﬂu-
ence of the dense interphase, a two-phase model was generated in
which the dense interphase layer was eliminated as shown in
Fig. 10b. Furthermore, to explore the inﬂuence of the vdW gap
interphase, both three-phase and two-phase models are re-exam-
ined by substituting the ESF with the equivalent free-standing
SWCNTs with the properties from Table 2. ANSYS was employed
to carry out a three-dimensional analysis to obtain the overall elas-
tic constants of a SWCNT-composite. The present study used
ANSYS workbench to generate initial FE models with the same
dimensions of the corresponding atomic RVEs. They were thenTable 3
Variation of the dense interphase density with CNT dimension.
SWCNT type h (Å) qi (g cm3) qo (g cm3)
(5,5) 2.62 1.86 1.39
(10,10) 2.72 1.87 1.42
(15,15) 2.77 1.80 1.41
(20,20) 2.51 1.82 1.40
Average 2.65 1.84 1.40
MWCNT 2.65 1.86 1.39
Fig. 9. Elastic constants of PVC against density: (a) Young’s modulus, and (b) Poisson’s ratio.
Bulk matrix 
Dense
interphase 
ESF 
Bulk matrix 
ESF 
(a) (b) 
Fig. 10. Two FE models: (a) three-phase model, and (b) two-phase model.
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stiffness matrix was determined as follows. A small normal strain
(0.2%) was applied on one face of the model while the other faces
were kept ﬁxed in their normal direction and free in other two
directions. The total normal force of each face was then calculated
from their involved nodes. The average normal stresses were then
calculated by dividing the total normal reaction force to the related
area. The stiffness matrix components were subsequently deter-
mined based on Eq. (2) (ri = Cijej, j = 1,3). The out-of-plane shear
modulus was determined in the ANSYS workbench by applying a
pure shear. To avoid the lag effect in the case of Gzx, = Gzy, the
length of the FE model in the principal direction of ESF was in-
creased while an aspect ratio of 10 was reached for ESF.
The results of four different RVEs with different SWCNT inclu-
sions are summarized in Table 4, where the ‘‘MM’’ rows show
transversely isotropic elastic constants of the RVEs from molecular
mechanics simulation. The FE results are obtained from 4 different
cases. The indices ‘‘3P’’ and ‘‘2P’’ refer to the three-phase and the
two-phase models with and without the dense PVC interface
respectively. The indices ‘‘ESF’’ or ‘‘FS’’ indicate the elastic proper-
ties of either the ESF or the free-standing SWCNT used for the cen-
tral solid ﬁbre. It is noted that the three-phase model with both ESF
and the dense PVC interface can well predict the stiffness matrix of
the composite with errors of less than 10%. The results of two-
phase schemes (FE–2P–ESF and FE–2P–FS) exhibit signiﬁcant dis-
crepancy for transverse Young’s modulus and out-of-plane shear
modulus, indicating the signiﬁcance of the dense interphase. It is
noted that the composite model becomes less stiff if the dense
interphase is not considered. In contrast, using the elastic proper-
ties of a free-standing SWCNT in the three-phase scheme (FE–3P–
FS) leads to the larger stiffness. These exhibit the opposite effects of
the vdW interaction on the SWCNT and the PVC interphase. It
makes the ESF less stiff than the free-standing SWCNT but thePVC interphase stiffer than the PVC matrix. For the case of SWCNT
(5,5), the results from the FE–2P–FS model seem to be very close to
those of the FE–3P–ESF model and MM simulation, which is owing
to the canceling of the two opposite effects of vdW interaction and
dense interphase. Except for the case of SWCNT (5,5), the errors in
calculating the transverse Young’s modulus and the out-of-plane
shear modulus increase with the diameter of the SWCNT, if either
the dense-interface is ignored or the elastic properties of the free-
standing SWCNT are used. The error in calculating the shear mod-
ulus is the most prominent.
It is noted that, we have assumed that the dense interphase re-
gion is a homogeneous material, however, the modeling above
could be modiﬁed to more precisely account if the material in
the interphase region treated as a functionally gradient material
(FGM).
5. Conclusions
This paper has developed a new technique to characterize non-
bonded CNT-composites. The representative volume element of
the nano-composite system has been successfully modeled by
integrating three phases, the equivalent solid ﬁber to mimicking
the CNT under the van der Waals forces, the dense interphase
PVC with properly determined thickness and density, and the bulk
matrix. Two methods have been established to determine the elas-
tic properties of the equivalent solid ﬁber from the atomistic RVE
and the CNT-cluster. The study has concluded that the average
density of the interphase can be used as the parameter to deter-
mine the mechanical properties of the dense PVC region. The meth-
od has been examined in a continuum-based three-phase model
coupling the molecular mechanics and the ﬁnite element method.
The model predictions show a good agreement with the atomistic
results. The investigation has also concluded that the CNT diameter
Table 4
Molecular mechanics and ﬁnite element results for elastic constants of different RVEs.
Elastic modules (GPa) Poisson’s ratio
SWCNT type RVE dimensions (nm) Exx, Eyy Ezz Gyz, Gzx mzy, mzx mxy
(5,5) 3.68  3.56  2.38 MM 4.73 57.75 1.54 0.35 0.48
FE–3P–ESF 4.94 57.24 1.45 0.32 0.47
Error% 4.44 0.88 5.84 8.57 2.08
FE–2P–ESF 4.39 55.68 0.46 0.29 0.52
Error% 7.19 3.58 70.13 17.14 8.33
FE–3P–FS 5.11 58.64 1.605 0.33 0.48
Error% 8.03 1.54 4.22 5.71 0
FE–2P–FS 4.45 56.98 1.56 0.32 0.49
Error% 5.91 1.33 1.30 8.57 2.08
(10,10) 3.78  3.78  2.37 MM 5.7 100.23 1.51 0.3 0.55
FE–3P–ESF 5.78 100.09 1.51 0.3 0.53
Error% 1.40 0.14 0 0 3.63
FE–2P–ESF 4.78 98.12 1.06 0.28 0.54
Error% 16.14 2.10 29.80 6.67 1.82
FE–3P–FS 6.05 103.23 2.11 0.33 0.51
Error% 6.14 2.99 39.7 8.95 7.27
FE–2P–FS 4.96 100.86 1.80 0.32 0.52
Error% 12.98 0.63 19.20 6.67 4.45
(15,15) 3.87  4.25  2.37 MM 5.4 127.12 1.57 0.31 0.65
FE–3P–ESF 5.59 128.46 1.53 0.3 0.62
Error% 3.52 1.05 2.55 3.22 4.61
FE–2P–ESF 4.51 126.24 0.94 0.28 0.62
Error% 16.48 0.69 40.13 9.68 4.61
FE–3P–FS 5.75 131.80 2.49 0.32 0.63
Error% 6.48 3.68 58.60 3.22 3.07
FE–2P–FS 4.62 129.61 2.13 0.31 0.62
Error% 14.44 1.96 35.66 0 4.61
(20,20) 4.38  4.42  2.37 MM 4.57 143.44 1.14 0.29 0.71
FE–3P–ESF 4.77 144.47 1.21 0.29 0.72
Error% 4.38 0.72 6.14 0 1.41
FE–2P–ESF 3.76 142.18 0.7 0.28 0.72
Error% 17.72 0.87 38.59 3.45 1.41
FE–3P–FS 4.17 158.24 2.79 0.32 0.78
Error% 8.75 10.31 144.74 10.35 9.86
FE–2P–FS 3.17 155.98 2.15 0.31 0.77
Error% 30.63 8.74 88.59 6.89 8.45
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interphase and on the density, thickness and mechanical proper-
ties of the dense interphase, and the same equilibrium thickness
of the vdW gap. The internal walls of MWCNTs have a negligible
effect on the interphase. However, ignoring either the vdW interac-
tion region or the interphase matrix layer can bring about mislead-
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